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Abstract

The paper describes an improved version of the Radial Basis Function algorithm, which
integrates the advantages of Multi-Layer Perceptrons and Radial Basis Functions alone. The
proposed paradigm is more general in nature, since it has the other two as particular subcases.
It finds applications in several pattern recognition and classification tasks. Furthermore it
can also be used as a method to map Fuzzy Inference Systems on Artificial Neural Networks.

1 Introduction

Multi-Layer Perceptrons (MLPs) [1] and Radial Basis Functions (RBFs) [2] are two Neural
computing paradigms widely used in several applications, ranging from pattern recognition,
to industrial control, Neuro-Fuzzy emulation, function approximation, etc. Each of the two
paradigms has its own advantages and drawbacks, which are not discussed here. Fuzzy Systems
(FSs) [2] represent another computational paradigm widely used in several intelligent controller
applications [3].

Although apparently the three paradigms mentioned above are very different from each other,
they can be unified into what has been called Weighted Radial Basis Functions (WRBFs), as
described in this letter.

The proposed algorithm is associated to a learning rule which is also a combination of MLP’s
gradient descent and RBF’s learning methods. Sections 2 and 3 describe the WRBF algorithm
and its learning rule, respectively, while Section 4 describes a method for the initialization of
WRBF parameters. Finally, Section 5 briefly discusses some application.

2 Weighted Radial Basis Functions

For the proposed algorithr{}, each neuron j € [L...M] is associated to a pair of vectors,
namely a location center C7 = {c],c},...,ch} (as for RBFs) and a weight vector Wi =
{@j,w{,w%, .. ,wgv} (as for MLPs). The output %/ of the neuron is a function of the input
vector X = {z,29,..., x5}

v =M (X0 W) (1)
where ’Hg(z) () is the characteristic of a Weighted Radial Basis Function of order n, which is

defined as:
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where the factor D, (z; — CZ ) is a function of the distance between the i-th component of the

input vector X and of the location center (7, respectively:

A (xZ—CZ) forn =20

Dn(zi — ) (3)

|z; — " forn >0
F(-) is one of several possible monotonic activation functions such as, for instance:

1—e*

g (sigmoidal)
A
F(z) = o2 (exponential) (4)
z (linear)

One or more WRBF layers can be cascaded to build a Multi-Layer WRBF, by connecting all
the outputs of a layer to the inputs of the next one, as for MLPs [1]. For instance:

? == HES (’HS} (X;él,Wl) ;GZ,WZ) (5)
where ¥ = {y{,y%, ... ,yf\,} is the vector of outputs, while ék, Wk, ng and F} are the location

centers matrices, the weight matrices, the order and the activation function of the k-th network
layer.

Note that the standard RBF and MLP paradigms can be seen as two cases of WRBF's, while
FSs can be approximated by an appropriate WRBF:

e MLPs [1] are equivalent to ’Hf‘)igm ()Z 0, Wi ) with sigmoidal activation function, where 0
is a vector of Os.

e RBFs [2] are equivalent to Hq™ ()Z Yol f) with exponential activation function, where T
is a vector of 1s. With weight vector components equal to one, the input/output charac-
teristic of the neuron is equivalent to that of a RBF [2], since the exponential function (4)
behaves as a gaussian, due to the exponent n =2 in (2), (3).

e FSs [2] can be approximated by a two-layer RBF. This statement can be explained by
giving an example of a set of Fuzzy inference rules:

IF (x1 IN R1A) AND (x2 IN R2A) AND ... (xN IN RNA) THEN SA
IF (x1 IN R1B) AND (x2 IN R2B) AND ... (xN IN RNB) THEN SB
where R1A, R2A, ...are appropriate membership functions [2]. In case of bell-shaped (i.e.

gaussian-like) functions, the above rules can be computed analytically as:

yrpr ~ Tamin {R{(21), RS (22), ... RY (2n) p+Tpmin {RE (1), RE (2), ... RE (ww) }+..
(6)

where T’y and T'g are the centers of gravity of membership functions SA and SB, respectively,
while R (z;) and RP(z;) are the membership value of input z; to the rules RiA and RiB,
respectively. Under the assumption that (valid for several bell-shaped functions):

R () ~ e(zi=c))wl (7)
equation (6) can be approximated by:

yrer ~ T4 (e(wlfc})z.w% . e(wzfcé)z-wé . ) +Tg (e(wlfc%)z-w% . e(ZL’2*C%)2.’LU§ . ) + .. (8)



N | Membership function | RMS error
normalized width (%)
0.5 14.9
2 0.2 6.0
0.1 3.0
0.5 18.0
3 0.2 4.6
0.1 1.6

Table 1: RMS errors approximating a Fuzzy System with a WRBF. The width of the bell-shaped
membership function is expressed as a fraction of the size of the input universe.

where the operator “min” in formula (6) has been approximated by a multiplication. Such
an approximation introduces a small error, as indicated in Tab. 1, for N =2 and N =3
inputs. This error is also function of the normalized width of the membership function.
Finally, formula (8) can be modified as:

M N _k\2 .k
YRBF ~ Z <Tk: . ezizl(l'z—ci) -UH) , (9)

k=1

which is the characteristic of a two-layer WRBF (from (2), (3), and (4)):
HH“ (’HEXP ()?, é, W) .0, fl) , (10)

where C and W are the center and weight matrices, respectively. In other words, this is a
WRBF on the first layer plus a MLP with linear activation function on the second layer.

3 Learning Rule

An ad-hoc learning rule has been developed for WRBFs, as the “combination” of learning rules
of MLPs and RBFs. The proposed rule is of the supervised type, therefore a target pattern T,

is associated to each input patiern ij in the training set. Furthermore, an error function is
defined as:

N
. 2
Ep) = (t-v) (11)
j=1
where yg and tg; are the j-th network output and the corresponding target, respectively, when
the p-th pattern is presented to the input.

3.1 Weight Vectors

For the weight vectors, a gradient descent method is used, as for MLPs [1], where the corrections
to the weight vectors are made proportional to the gradient of the error function VE, by means
of a variable learning rate n. Therefore, from (2) and (4):

Awg =6 F'(2) D, (sz - 07) , (12)

)

where 6/ = (#/ —37) and the factor Dy, (z; — cz) substitutes the z; in the MLP’s learning rule [1].
In the case of a Multi-Layer WRBF, on the other layers except for the last one:

M
Sy =3 (5‘&) ) (za)wgk)iﬁ(k)) (13)

j=1



where (56@_1) is the error term for the previous layer, while:

1 _ forn=0
8= {n (z; — )b ~ forn >0, even (14)
n-(z; — )"V . sgn(z; — ¢!) forn >0, odd

)

3.2 Location Centers

As for standard RBFs, learning of location centers takes place according to an auto-organizing
paradigm [1], which can be described as follows:

1. a pattern )(_"p from the training set is applied to the WRBF inputs;

2. the neuron with the highest output activation is declared the winner. For classification
purposes, neurons can be grouped into as many aggregates as there are classes. In this
case, the search for the winner is limited to the aggregate logically associated to the input
pattern;

3. the location center of the winner CJ (and optionally of a limited neighborhood) is trained
according to:

Ac) =y(zi - d]), (15)

where v is an appropriate learning coefficient. The value of v can vary with the epochs of
learning and with the distance from the winner (if a neighborhood exists);

4. the algorithm is repeated for each training pattern.

After a sufficient number of iterations, the location centers and weight vectors tend to con-
verge to the good solution. Obviously, learning of weights and location centers affect each other,
therefore the order in which they are performed can influence on the performance of the network.

4 Weight and Center Initialization

This section discusses on a pre-training initialization of weights and location centers, which
has proven useful in several pattern classification applications. Note that the initialization
proposed is not applicable to all cases, and is not a fundamental step of the WRBF algorithm.
In fact, in several applications a random weight initialization (or other types of initialization)
may perform better. The major advantage of the proposed method is its simplicity and ease of
implementation.

A pattern classifier implemented as a two-layer WRBF is considered here as an example:

HH“ (H;Xp ()?, c, W) .0, f) , (16)

In the first layer, a group of M neurons is associated to each class, while in the second layer
there is just one neuron per class, which is connected only to the outputs of the corresponding
group of neurons in the first layer, as shown in Fig. 1.

The proposed initialization applies only to the first layer, as in the second layer all the
weights are equal either to 0 (unconnected inputs) or to 1 (connected inputs).
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Figure 1: Simplified diagram of the WRBF pattern classifier

4.1 Initialization of Location Centers

All the patterns of a class are subdivided into a given number of subsets and the following value
is assigned to the j-th location center:

Gi —

3 X, (17)

R(Pj) pePi

where P/ and R(P’) are the j-th subset and the corresponding number of components, respec-
tively. This means that, for each subset, its associated location center will contain the average of
the patterns of the subset, which is often a vector roughly representative of the subset elements.

Two methods have been considered to subdivide the reference patterns into the subsets
PJ. In a first method (A), the patterns are spread randomly into the subsets, while the second
method (B) is composed of two phases: in the first phase, the first pattern is assigned to the first
subset, then the pattern which is farthest from the first one (under the metric (3)) is assigned
to the second subset, then the pattern which is farthest away from the first two is assigned to
the third, and so on, until all the subsets contain one pattern. Then, in the second phase, each
one of the remaining patterns is assigned to the subset which contains the patterns closest to it.

The proposed method has been tested on a traditional RBF for the recognition of handwrit-
ing [4], where it has provided good results.

4.2 Initialization of Weight Vectors

The following method for the initialization of WRBF weights is tightly related to the initial-
ization of the location centers proposed in Section 4.1. Once the reference patterns have been
subdivided into the subsets, and the location centers computed (from (17)), the corresponding
weight vectors can be initialized according to the following formula:

. _ai(Ph)
w! = e( ? ) (18)
where o;(P7) is the standard deviation (or alternatively the entropy [5]) of the i-th input in the
subset P7, while p is an appropriate parameter. This method assigns a larger weight to those
pixels which have a lower standard deviation (or entropy), and therefore are more significant for
the classification task, and less to the others, as expected.



5 Applications and Advantages

The proposed algorithm finds several applications, some of which have already been mentioned
previously. It has been deeply tested in several practical cases [4, 6]. Due to space limitations,
this section only discusses the relevant advantages of the proposed paradigm to two relevant
application areas.

Pattern Classification: RBFs are known to provide interesting advantages with respect to
MLPs, especially for what training concerns. Adding a different weight to each input improves
learning performance, especially when dealing with noisy, blurry and not-well defined patterns,
as can be found in a lot of practical problems (e.g. handwriting [4] and speech recognition).

Intelligent Control: Fuzzy and Neural controllers [3, 6] have different advantages and
drawbacks. WRBF can take the advantages of both of them, in the sense that it allows the design
of learning controllers by either human-friendly Fuzzy Inference methods (therefore reusing the
know-how of human experts) or more computer-friendly Neural Learning methods (therefore
learning from samples measured directly from the controlled plants). The similarity between
WRBFs and FSs allows a straightforward learning of Neural Networks from Fuzzy Controllers
and, viceversa, the easy translation into human-readable Fuzzy rules of trained WRBF Neural
Networks.

6 Conclusion

This paper has proposed a new Neuro-Fuzzy paradigm, which derives from the combination of
Multi-Layer Perceptrons and Radial Basis Functions, and which approximates Fuzzy Inference
Systems. A supervised learning rule and a weight initialization procedure have also been devel-
oped. The proposed method has proven to be useful in several pattern classification tasks and
for the efficient implementation of Neuro-Fuzzy controllers. An important advantage of WRBF
is that it represents a unification algorithm between MLPs, RBFs, and FSs, therefore it is a
link between two large categories of applications, namely those dominated by Fuzzy and Neural
approaches, respectively.
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